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We analyze the capacity of a simultaneous quantum secure direct communication scheme between 
the central party and other M parties via M + 1-particle GHZ states and swapping quantum 
entanglement. It is shown that the encoding scheme should be secret if other M parties wants to 
transmit M + 1 bit classical messages to the center party secretly. However when the encoding 
scheme is announced publicly, we prove that the capacity of the scheme in transmitting the secret 
messages is 2 bits, no matter how big AI is. 
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Quantum cryptography or quantum key distribution 
(QKD) utilizing the features of quantum mechanics, such 
as uncertainty principle, quantum correlations and non- 
locality, is one of the most promising applications of 
quantum information science and is considered to be the 
safest system to enable the provable secure distribution of 
private information among the authorized parties. It has 
attracted widespread attention since the seminal work 
on QKD by Bennett and Brassard (BB84) jj . As shown 
in this protocol, two remote authorized users, Alice and 
Bob, can establish a shared secret key with nonorthogo- 
nal polarized single photons. The quantum non-cloning 
theorem J2j and the tradeoff between information gain 
and disturbance Q guarantee strongly the uncondition- 
ally secure of the BB84 protocol 4]. In virtue of cor- 
relation of an Einstein-Podolsky-Rosen (EPR) pair, the 
maximally entangled two-particle state, Ekert proposed 
a QKD protocol, in which the Bell inequality is used 
for detecting the eavesdropper Eve [3- Since then there 
have been various theoretical proposals la.[7llM la^[l0l[lll| . 
which have been summed up in a review paper [l3| . 

Recently Shimizu and Imoto [T^, uM ^^'^ Beige et al 
[iq came up with a novel quantum secure direct commu- 
nication (QSDC) schemes, which allows information to 
be transmitted in a deterministic secure way. Bostrom 
and Felbinger presented a QSDC protocol called the 
"ping-pong protocol" based on entanglement and two- 
way communication [Tg. Wojcik investigated the secu- 
rity of the ping-pong protocol in a noisy quantum channel 
Il7]. The ping-pong protocol was modified by Cai and 
Li with single photons 18]. Deng et al introduced two 
QSDC schemes, one using EPR pair block ^Af\ and the 
other based on polarized single photons 20|. A QSDC 
scheme with quantum superdense coding [2l| was de- 
signed by Wang et al. Some ideas in entanglement swap- 



ping has been exploited for QSDC by Man, Zhang and 
Li [2^. Zhu, Xia, Fan and Zhang put forward a QSDC 
protocol based on secret transmitting order of particles 
[23 ■ Cao and Song proposed a QSDC protocol with W 
state |24| . In virtue of quantum teleportation and entan- 

fnent s wapping we suggested several QSDC schemes 
El mill Hi US 113. Recently, the QSDC has been 
extended to multiparty quantum secret report by Deng 
et al m. 

In Ref. [SJl we presented a simultaneous quantum se- 
cure direct communication scheme between the central 
party and other M parties, which utilizes shared M +1- 
particle Greenberger-Horne-Zeilinger (GHZ) states and 
entanglement swapping between communicating parties. 
For the sake of simplicity in 13 If , we mainly paid our at- 
tention to the protocol in the case of Af = 3, which is 
briefly described as follows. Suppose that a lot of four- 
party GHZ states (GHZ quadruplets) 
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are shared by the three spatially separated senders, Al- 
ice, Bob and Charlie and a remote center party (receiver) 
Diana. After ensuring the safety of the quantum chan- 
nel, Alice, Bob and Charlie encode secret classical bits 
by applying predetermined unitary operations (encod- 
ing scheme) on GHZ quartets. Then Alice, Bob, Charlie 
and Diana make Bell state measurements on each GHZ 
quartet pair composed of one GHZ state encoded by the 
senders and another original GHZ quartet. Based on 
Alice, Bob and Charlie's Bell state measurement results 
announced publicly and Diana's outcome which is kept in 
secret, Diana can infer the secret messages of the senders. 
In [31| we did not state clearly whether the encod- 
ing scheme is secret or not. However, it is the encoding 



scheme that determines the capacity of the communica- 
tion scheme. In present paper we will investigate this 
problem and show that the encoding scheme should be 
secret if other M parties wants to transmit M + 1 bit 
classical secret messages to the center party; but when 
the encoding scheme is announced publicly, the capacity 
of the scheme in transmitting the secret messages is 2 
bits, no matter how big M is. 

Let us analyze the capacity of the scheme in trans- 
mitting the secret message when the encoding scheme is 
announced publicly. Without loss of generality, we con- 
sider the case of M = 3. 

The encoding scheme used in the protocol '3l'| is that 
Alice applies the unitary operations 



It is easy to prove that 
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on GHZ quadruplets, and encode two bits classical infor- 
mation as 
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Here 



Meanwhile, Diana and Bob, and Diana and Charlie agree 
on that Bob and Charlie can only apply unitary opera- 
tions 
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to encode one bit classical information as following 



0, ai 
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respectively. Here X can be either B or C. 

Suppose that Alice, Bob, Charlie, and Diana ini- 
tially share GHZ quadruplets \GHZ)i23i and \GHZ)^Q^g„ 
where particles 1 and 5, 2 and 6, 3 and 7, and 4 
and 8 belong to Alice, Bob, Charlie and Diana respec- 
tively. After senders encode their secret messages by ap- 
plying predetermined unitary operators on |G7fZ)i234, 
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are four Bell states (EPR pairs). By virtue of Eq.(6), it 
is not difficult to observe that only four unitary opera- 
tors a{j (g) af (g) a^ can correspond to a fixed outcome of 
Alice, Bob and Charlie's Bell state measurements. For 
example, if Alice obtains measurement result *X5, Bob 
$ng, and Charlie *jjy, we can see that only ag '^'■•^'^'^C' 
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\GH Z)i234 (X) |Gi?Z)5678 to cause this measurement re- 
sult *^g, <I>Jg, and *;^y. So the capacity of the scheme in 
transmitting the secret messages is 2 bits when the en- 
coding scheme is announced publicly. For the case M > 3 
one can obtain the same result. That is, when the en- 
coding scheme is announced publicly, the capacity of the 
scheme is 2 bits, no matter how big M is. 

Now let us consider this problem from another point 
of view. Obviously only based on Diana's Bell state mea- 
surement result, can Diana infer the senders' secret mes- 
sage, as the senders outcomes of the Bell state are an- 
nounced publicly. However as a matter of fact, Diana 
can only obtain four different results in a Bell state mea- 
surement. Therefore the capacity of the scheme in trans- 
mitting the secret messages can not beyond 2 bits. 

Fortunately, if the encoding scheme (for example 
Eqs.(2)-(5)) is kept in secret, the situation would be 
changed, as there are many encoding schemes. That is, if 



the information on the encoding scheme is not available 
to the eavesdropper, there is no way for the eavesdrop- 
per to find correct classical secret bits with a probability 
more than „jvi"+i ■ Therefore in this case the capacity is 
also M + 1 bits. In other words, if the encoding scheme 
is secret then other M parties can transmit M + 1 bit 
classical messages to the center party. 

In summary, we have analyzed the capacity of a simul- 
taneous quantum secure direct communication scheme 
between the central party and other M parties via M + \- 
particle GHZ states and swapping quantum entangle- 
ment. It is shown that the encoding scheme should be 
secret if other M + 1 parties wants to transmit M + 1 
bit classical messages to the center party secretly. How- 
ever when the encoding scheme is announced publicly, we 



prove that the capacity of the scheme in transmitting the 
secret message is 2 bits, no matter how big M is. 
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